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1 - Introduction. 

1.1 - Background. In [17], Ye shows how non-degenerate critical points of the scalar 
cnrvatnre f un ction of a riemannian manifold pertnrb into families of convex embedded 
spheres of arbitrary large constant mean cnrvatnre inside that manifold. While this resnlt 
has been shown to have signihcant applications in the stndy of the isoperimetric problem 
(c.f., for example, [1], [3], [4], [5], [ 8 ] and [9]), its applications to the stndy of the differential 
topologies of spaces of immmersed and embedded snbmanifolds have been less exploited. 
However, in [14], we show how Ye’s resnlt implies that - in henristic terms - the Enler 
characteristic of the space of convex Alexandrov embedded spheres inside a given manifold 
is eqnal to (—1) times the Enler characteristic of that manifold. This has applications to 
the stndy of existence, and to some measnre, nniqneness, of Alexandrov embedded spheres 
of constant cnrvatnre for many different notions of cnrvatnre. 

However, if onr aim is to prove existence, then the results of [14] are unsatisfactory 
when the Euler characteristic of the ambient manifold vanishes. This happens, for exam¬ 
ple, when the ambient manifold is 3-dimensional, which is nonetheless one of the most 
interesting cases. Furthermore, even when these techniques can be successfully applied to 
prove existence (as in, for example, [7], [11] or [16]), they still often fall short of optimal 
results, for there are good topological reasons to believe that - at least generically - there 
are far more solutions than those whose existence we have managed to prove. 

With this in mind, in [15], we initiated a programme for the study of the Morse 
homology of the spaces of immersed and embedded hypersurfaces, where the natural Morse 
function to be studied is the area functional, or, more generally, the “Area minus Volume” 
functional (dehned below), which depends on a parameter h, and which we denote by J^h- 
The critical points of which dehne the chain groups of the Morse complex (c.f. [13]), 
are then immersed hypersurfaces of constant mean curvature equal to h, and its complete 
gradient flows, which dehne the d operator of this complex (c.f. [13], again), are then 
eternal forced mean curvature hows with forcing term h. 

Within this context, Ye’s result says that for large values of h, non-degenerate critical 
points of the scalar curvature function map to (in fact, non-degenerate) critical points of 

In this paper, we prove the corresponding result for complete gradient hows of the 
scalar curvature function. That is, under suitable non-degeneracy conditions, we show 
that for sufficiently large values of h, these hows map to complete gradient hows of J^h- 
Combined with a suitable converse (that is, a concentration result), which has been proven 
in Ye’s case, but which we have not yet proven here, this would mean that for large values of 
h, the entire Morse complex of the scalar curvature functional maps to the Morse complex 
of J^h- This would make the two isomorphic, thereby yielding an explicit description of 
the Morse homology of the space of Alexandrov embedded spheres. Since the number of 
constant mean curvature immersed spheres should be bounded below by the sum of the 
Betti numbers of this homology, we should thereby obtain stronger existence results for 
such hypersurfaces than those that are currently known. 

1.2 - Notation, Terminology and Main Resnlt. Let M := be a complete 

(m -|- 1)-dimensional riemannian manifold. Let S be its scalar curvature function, where, 
throughout the paper, we adopt the convention which normalises all curvature functions so 
that the unit sphere in Euclidean space always has positive unit curvature. Let 7 : M —)■ M 
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solve the non-linear ODE 


7 + 


(m -I- 1) 
2(m -I- 3) 




0 , 


( 1 ) 


so that 7 is (np to reparametrisation) a complete gradient flow line of S. Consider the 
linearisation L of (1) abont 7 . This is a linear ordinary differential operator which maps 
r( 7 *TM) to itself and is given by 


L 



(m -I- 1) 
2(m -I- 3) 


Hess(5'). 


( 2 ) 


We now recall that S is said to be of Morse type whenever all of its critical points are non¬ 
degenerate. In this case, if 7 has relatively compact image, then 7 (t) converges towards 
critical points of S' as t tends to ±cxd. Fnrthermore (c.f. [10]), L dehnes a Fredholm mapping 
from the space of Holder differentiable sections, r^+^’“( 7 *TM), into r^’“( 7 *TM), whose 
Fredholm index is eqnal to the difference of the Morse indices of the two end-points of 
7 . We then say that 7 is non-degenerate whenever L is snrjective, and we say that 
S is of Morse-Smale type whenever, in addition to all of its critical points being non¬ 
degenerate, all of its complete gradient flows which have relatively compact image are also 
non-degenerate. This is the property that we reqnire for the Morse complex of S to be 
well-dehned (c.f. [13]). There is no shortage of metrics whose scalar cnrvatnre fnnction has 
this property. Indeed, the set of all snch metrics is generic (that is, in the second category 
in the sense of Baire) within any conformal class. 

Now let 5 "^+^ and S'^ be respectively the closed nnit ball and the nnit sphere in 
Let S be the space of smooth immersions of 5 "^+^ into M and let 8 be the qnotient of this 
space nnder the action of the gronp of smooth orientation preserving diffeomorphisms of 
jg identify an immersion in 8 with its eqnivalence class in 8. By a slight 

abnse of terminology, for each e G T, we dehne Vol(e) and Area(e) to be respectively the 
volnmes of 5"^+^ and S'^ with respect to the metric e*g. For all h > 0, we now dehne the 
“Area minns Volnme” fnnctional by 


:= Area(e) — /iVol(e). 


( 3 ) 


Many properties of the immersion e are actnally determined by its restriction to S'^. 
Indeed, the restriction operator actnally dehnes a local homeomorphism from 8 into the 
space of reparametrisation eqnivalence classes of immersions of S'^ into M, whose image 
is the space of Alexandrov embeddings of S'^ into M. Fnrthermore, the embedding 
e : —)■ M is a critical point of Bh whenever its restriction to has constant mean 

cnrvatnre eqnal to h. Likewise, the family e : M x —)■ M is an gradient how of 

Bh whenever its restriction to M x is a forced mean cnrvatnre how with forcing term 
h. That is, whenever this restriction satishes 

= (4) 

where W and Ht are respectively the ontward-pointing nnit normal vector held and the 
mean cnrvatnre of the restriction of et e{t, •) to M x S'^. 
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We now introdnce the mechanism by which complete gradient flow lines of S pertnrb 
to eternal forced mean cnrvatnre flows. Let 7 be a complete gradient flow line of S. Using 
parallel transport, we identify the bnndle ''f*TM with the trivial bnndle M x and 

we define Exp : M x —)■ M snch that, for all t, Exp^ := Exp(t, •) is the exponential 

map of M abont the point 7(t). Now, following [17], for all s > 0, for all U : R —)■ R^'^^ 
and for all / : R x S'^ —1]0, cxd[, we define the fnnction e(s, U, /) : R x S'^ —)■ M by 

e(s,U, f){t,x) = Exp^(sy(t) + s(l + (5) 

Henristically, e(s, U, /) is a smooth family of immersed spheres in M whose centres move 
along 7 with a small displacement given by Y. 

Theorem 1.2.1 

If S is of Morse-Smale type, and if 7 is a complete gradient flow line of S with relatively 
compact image, then, for all sufficiently small s, there exist U : R —)■ R™+^ and f : 
R X S'^ —1]0, cxd[ such that, up to reparametrisation in time, e{s, Y, f) is an eternal forced 
mean curvature flow with forcing term 1 /s. 

Remark: A detailed formal statement of Theorem 1.2.1 is given in Theorem 4.7.2 below. In 
particular, not only do we obtain Holder estimates for the pair (Y, /), but we also describe 
in Theorem 4.6.1, below, an iterative process for determining asymptotic expansions of 
these solutions up to arbitrary order. 

1.3 - Discussion. Like Ye’s result. Theorem 1.2.1 is proven by first determining formal 
solutions in the form of asymptotic series, and then perturbing suitably high order partial 
sums of these series to yield exact solutions. There are, nonetheless, considerable differences 
between Theorem 1.2.1 and Ye’s result, primarily because Theorem 1.2.1 is a parabolic, 
and not an elliptic, problem. Now, on the one hand, since parabolic and elliptic operators 
are all hypoelliptic, the analytic tools that we use are barely different. However, on the 
other hand, the time-dependence introduces new - and rather confusing - phenomena as 
the scale parameter, s, tends to zero. 

This is perhaps best illustrated by considering the first approximation Y = 0 and 
/ = 0. Here, the mean curvature of the sphere e(s, 0,0)(t, •) is equal to 1/s + 0{s), so 
that the forced mean curvature flow with forcing term 1 /s should move along the curve 7 
with speed approximately s, which trivially tends to 0. It is perhaps surprising that this 
scale dependence does not actually introduce any singularities as s tends to 0. However, a 
deeper study of the equations involved reveals the role played by operator 

Qs-=s^^ + —{mY/Y), ( 6 ) 

ot m 

where A is the standard Laplacian of the sphere S^. Here the time dependence introduces 
a fourth power of s, and this does affect us in three different ways. 

First, Theorem 1.2.1 becomes a genuine singular perturbation problem. In actual 
fact, Ye’s result, although presented as a singular perturbation problem, transforms, after 
removing the first few terms and then dividing by a suitable factor, into a regular per¬ 
turbation problem, which is then directly solved by the inverse function theorem. In the 
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present case, however, when s = 0, the operator Qs is no longer hypo-elliptic, and the 
same simplihcation no longer applies. 

Second, since the Green’s operator of Qs depends on s, the terms in the asymptotic 
series of the formal solntion (determined in Theorem 4.6.1, below) actnally also depend on 
s, so that more care is reqnired in ensnring Holder bonnds which are independent of s. 

Third, the appropriate fnnctional analytic framework for stndying parabolic operators 
is that of inhomogeneons spaces (introdnced here in Section 4.4, below). Fnrthermore, 
the s dependence of Qs reqnires the nse of weighted spaces (also dehned in Section 4.4, 
below), where what appears to be the most appropriate weighting is in fact slightly connter- 
intnitive (c.f. the remarks following Lemma 4.4.1). 

Finally, in order to develop a Morse homology theory for the space of convex, Alexan¬ 
drov embedded spheres, two fnrther resnlts are still reqnired. Indeed, it wonld be necessary 
to show, hrst that the eternal flows obtained here are non-degenerate, and second, that for 
snfhciently large valnes of the forcing term, they are the only ones. However, we believe 
at this stage that it is more interesting to develop a more satisfactory compactness resnlt 
than that obtained in [15], and for this reason we postpone this stndy to later work. 

1.4 - Overview of Paper and Acknowledgements. This paper is strnctnred as 
follows. In Section 2, we develop a formalism for the snccinct description of the Taylor 
series of varions well-known geometric fnnctions, and in Section 3, we extend this formalism 
in order to describe the fnnctions nsed in the proof of Theorem 1.2.1. Onr objective here 
is to nnderstand the general terms of these series withont having to resort to explicit 
calculations, and, for the sake of completeness, we have studied this problem far more 
deeply than is actually necessary for our current applications. In Section 4, we then 
reformulate these results in the language of asymptotic series. In particular, since the 
operation of composition by smooth functions yields smooth functionals between Holder 
spaces, this immediately yields norm estimates for the functionals of interest to us without 
any further effort being required. 

Having determined the asymptotic expansion of the forced mean curvature flow oper¬ 
ator, the rest of Section 4 is devoted to constructing formal solutions and then perturbing 
these formal solutions into exact solutions. It is here that we introduce the required 
functional analytic framework, based on the Fredholm theory of parabolic operators over 
weighted inhomogeneous Holder spaces (c.f. [6]). In addition, using the theory of spherical 
harmonics, we improve our norm estimates for every term in the aysmptotic series of our 
formal solutions. Although this is not strictly necessary, we believe it makes our reason¬ 
ing a lot cleaner. Finally, once formal solutions have been constructed, a straightforward 
application of the inverse function theorem yields the desired result. 

The results of this paper were established when the author was benehtting from a 
Marie Curie postdoctoral fellowship in the Centre de Recerca Matematica, Barcelona. 
The author is grateful to Andrew Clarke for helpful conversations. 

2 - The Taylor Series of Geometric Functions. 

2.1 - Curvature Tensors. Let O be the unit ball in Let be a smooth metric 

over with Levi-Civita covariant derivative V and Riemann curvature tensor R. We 
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snppose that 

Vd^dr = 0, and g{dr, dr) = 1, (7) 

where dr here denotes the nnit radial vector held. This simply means that (O, ^f) is an 
exponential chart of some riemannian manifold. Now denote 5ij := g{0)ij and let be 
its metric dnal, so that, by (7), 5ij is simply the standard enclidean metric over 
Finally, for convenience, we snppose that O is convex in the sense that for all x,y E Q, 
there exists a nniqne geodesic in O from x to y. 

We say that a fnnction dehned over O is geometric when it only depends on the 
metric g. We are interested in the Taylor series abont 0 of snch fnnctions, and, in particnlar, 
how their coefficients depend on the Riemann cnrvatnre tensor. In order to describe this 
dependence, we introdnce the following algebraic formalism. Consider the set of formal 
tensors X := {(Rip 2 i 3 '^;i 4 ...ifc+ 3 )fc 6 N} where the snbscript ; here denotes formal covariant 
differentiation. Observe that all elements of X are covariant of order 1 and contravariant 
of order at least 3. Given two formal tensors, and which are both covariant 

of order 1, dehne their matrix product by and observe that this prodnct 

is also covariant of order 1. Now let 77 be the vector space with basis the set of all hnite 
formal combinations of elements of X obtained by permntation of indices and matrix 
mnltiplication. We call 77 the space of curvature tensors. 

For all /c G Z, let 77^ be the subspace of 77 consisting of those elements which are 
contravariant of order k 1. When p G 77^, we say that it has order-difference k. 
Observe that order-difference is preserved by permutation of indices, and if p and p' have 
order-differences k and k' respectively, then their matrix product has order-difference k-\-k'. 
In particular, since every generator of 77 has order-difference at least 2, it follows that for 
/c < 2 , 77^ is trivial, and for /c > 2 , it is spanned by matrix products of those generators 
which have order-difference at most k. Considerations such as these make it relatively 
straightforward to determine 77^ for all k. For example. 


772 

77^ 

77^ 




(1)V(2)V(3) 

(i)C(2)C(3) ;C(4) 

3 . I? . ju. 

(1)*ct(2)*ct(3) ;*<t(4)*ct(5)’ *'P*o-(1)*<t(2) *'*o-(3) *<t(4) (5) 

-^V(i)C(2)P -^V(3)V(4)C(5) )o-eS5)5 


P 

5 


( 8 ) 


and so on, where, for all /c, E/j denotes the group of permutations of the set { 1 ,..., k}. 

Identifying elements of 77 via the symmetries of the Riemann curvature tensor, we 
obtain 

Proposition 2.1.1 

77 is self-adjoint with respect to d in the sense that if Pjj...jj, is an element of 77, then 

identihes with a unique element of 77 for all 1 < I < k. 

Proof: It suffices to prove the result for each generator of 77. We thus show that 

identihes with a unique element of 77 for all k and for 
all 1 < I < k -\- 3. We achieve this by induction on k. Indeed, for k = 0, the result follows 
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directly from the symmetries of the Riemann cnrvatnre tensor. For /c = 1, it follows from 
these symmetries together with the second Bianchi identity. Now snppose that k > 2. 
Since the set of generators of TZ is closed nnder formal covariant differentiation, so too is 
TZ, and we may therefore snppose that I = k + 3. However, 

, _ p...*. -Lf?. .*p. ..P. 

+ ’,j4-"jk + ljljk+2 ' ^jk+23lV -‘^jljzjz \j4---jk + l 

k + 1 

E p a p i 

^jk+2jijb ^jijzjz ;i4---jb-iai(,+i---jfe+n 

b=i 


and the result now follows by induction. □ 

The signihcance of Proposition 2.1.1 lies in the fact that although geometric functions are 
dehned in terms of the metric, they can be approximated purely in terms of curvature 
tensors, as we will see presently. 

Finally, denote 

^;=7^©(hi•), (9) 

_^ _ 

and, for all k, dehne TZ as before. We also call elements of TZ curvature tensors. Observe 
that TZ is also closed under matrix multiplication. Furthermore, TZ = (5j), and, for all 

k^0,Tt = 

2.2 - Curvature Polynomials. Let X. ■= (Wi,...,Wn) be a vector of formal variables 
each taking values in For p G TZ^ and for 0 < ri + ... + 1, dehne the formal 

polynomial 


(P 


ri, 


y. 

+ + 


) + l •••Jfe + 1 


:= p 


31 - 




where Xj denotes the Pth component of the vector Xj. Abusing notation, let TZ[2Q be 
the vector space with basis the set of all such formal polynomials. We call TZ[2Q the space 
of curvature polynomials. Observe that TZ[2Q is closed under matrix multiplication, 
although it is not always possible to multiply two given elements (indeed, two elements 
which are both covariant of order 1 and contravariant of order 0 cannot be multiplied). 
Furthermore, since TZ is self-adjoint with respect to h, so too is 7^[W] in the sense that if 
^ji--- 3 k element of 7^[W], then identihes with a unique element 

of TZ[2Q for all 1 < I < k. 

For k e Z and for r := (ri,...,rn) G let 7^^[W] denote the subspace of TZ[2Q 
consisting of those elements which are contravariant of order k + 1 and homogeneous of 
degree ri in Xi for each i. Likewise, denote 

7^^[X] ©,7^^r[A]. (11) 


When P G TZ^[^, we say that it has order-difference k and degree r. As before, 
permutation of indices preserves order-difference, and if P and P' have order-differences k 
and k' respectively then their matrix product has order-difference k + k'. 

Throughout most of this section, we will only be concerned with the case where n = 1. 
Here we have 
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Proposition 2.2.1 

If r > k and if p G IZ^, then pr = 0. In particular, is non-trivial only if k >0. 

Proof: It snffices to prove the resnlt when p is a generator of IZ. However, for each k, by 
symmetry, = 0, and the resnlt follows. □ 

Proposition 2.2.1 implies that every element of IZ^[X] is a hnite snm of matrix prodncts 
of those generators of IZ{X] which are of order-difference 0, that is, formal polynomials 
of the form Rp^ipJ...XP'^+^, where k varies over all non-negative integers. By 
considerations snch as these, we obtain, for example, 

^ 0 ^ = 0 , 
nl[x] = 0, 

n ( 12 ) 

nl[x] = (Rp.^^xpx'i), 

7^°[X] = {Rp,,^,rXPX‘iX^), 

and so on. Likewise, every element of IZ^ [X] is a hnite snm of matrix prodncts of generators 
all bnt one of which are elements of IZ^[X] and the remaining one of which is an element 
of IZ^[X], and we obtain, 

IZl[X] 

n\[x] 

1Z\[X] 

and so on. In snmmary, it is relatively straightforward to determine IZ^[X] for all k and 
for all r. 

For general n, since IZ^ is trivial for k < 2, IZif^l^Q is trivial for ri < 2 and 

IZ^[]Q is trivial for ri Vn < I- This observation will play an important role in the 

seqnel. 

Finally, as before, denote 


= 0 , 

= ((-RpV(l)i<T(2) 

= m • 


^xrR^ 


j 

CT ( 1) ^(7 (2) P 




(13) 




X^X^R 


'P*<t(1)*<t(2) 




7^[X] = 7^[X] © {5]) © (Xj), (14) 

where Xj denotes the Pth component of the vector Xj. For all k, and for all r, dehne 

__ 

IZ^[]Q as before. We also call elements of IZ[]Q curvature polynomials. Observe that 
IZ \X ] is also closed under matrix multiplication. Furthermore, 

^■'[X]=7^-l[X]©(Wl,...,Wn), 

_ 0 O' 

IZ [X] = 7^0[X] © (h]). 


and = 1Z^[]Q for all other values of k. 


7 



Eternal Forced Mean Cnrvatnre Flows II - Existence 


2.3 - General Properties of Taylor Series. As before, let X := {Xi,X^) be a 
vector of formal variables taking valnes in Abnsing notation, let A[2Q be an algebra 

of formal polynomials in X, and let A[[X]] be the algebra of formal power series in X all 
of whose partial snms are elements of A[X]. For snch a formal power series, F, and for 
every non-negative integer, /c, denote by [F]k its partial snm of order k. 

Recall that for all real a, the binomial theorem fnrnishes a sequence {ak,a) of real 
numbers such that for a: g] — 1 ,1[, 

OO 

(1 ^ ak,cx’". (16) 

A:=0 

Consequently, if the algebra A[2Q contains an identity, which we always denote by /, then 
for all formal power series F in A[[X]] with -F(O) = /, and for any real exponent, a, we 
dehne 

OO 

(17) 

fc =0 


Proposition 2.3.1 

Let F be a formal power series in X. If F belongs to A[[X]], and if F(0) = I, then 
also belongs to A[[X]] for all real a. 

Proof: Denote G := F — I. For all k, G A[[X]] and since G(0) = 0, [G’^]i = 0 for all 
I < k. Thus, for all a and for all /, 


l-F"), = 


E 

LA:=0 


O'fc,! 


G k 


J I 


and so G A[[X]], as desired. □ 


i 


G A[X], 

k=0 


Now let T := (Ti,...,T„) be a vector of formal variables taking values in M, and 
let A[X][[T]] denote the algebra of formal power series in T all of whose coefficients are 
elements of A [X] . 


Proposition 2.3.2 


Let F be a formal power series in X, and define G(X, T) := T'(TiXi ,If G 
belongs to A[X][[T]], then F belongs to A[[X]]. 


Proof: By hypothesis. 


G = 


k 


ki\...k, 


rjiK 

i-‘i 




where, for all k, the formal polynomial Pk belongs to A[X]. Now consider the formal 
derivatives of F and G with respect to X and T respectively. By the chain rule. 


dx\\..dx^ 






) 


d^K..d^^G 

dT^\..dTt 


(0,X) = Pk{X) G A[X]. 


It follows that every partial sum of F belongs to A[X], and so F belongs to A[[X]], as 
desired. □ 
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2.4 - Tensor-Valued Geometric Functions. For all p,q eN, let T^’'^ := 
be the space of tensors over which are covariant of order p and contravariant of 

order q. Consider a f un ction /:!!—)■ and denote by [/] its Taylor series. In the 

present context, the statement that [/] belongs to i?^[[V]] means that the Taylor series of 
[/] abont 0 is given by 

OO 

fix) ~ 

r=0 

where, for all r, Rr is a cnrvatnre polynomial of order-difference k and degree r. 

Now observe that T^d natnrally identihes with End(M"^"*'i^ la particnlar, since matrix 
mnltiplication coincides with the nsnal notion of matrix mnltiplication in this case, the 
space 71 [V] is also closed with respect to this prodnct, and therefore constitntes an algebra. 

Let M : Q ^ End(M"^di) Pe snch that for all a: G O and for every vector C, M{x)U 
is the parallel transport of U along the radial line from x to 0. Classical Jacobi held 
techniqnes (c.f. [2]) readily yield 

Mj{x) ~ dj + ^Rpjq^x^x‘^ -I- ^Rpjq^ ■rX^x'^x'^ -|- 0{x‘^). (18) 

More generally. 

Proposition 2.4.1 

lM]€7f|mi, (19) 

Proof: Fix a point xq E Q and a vector Uq E Let x{t) := txQ and U{t) := HIq, so 

that a: is a geodesic and 17 is a Jacobi held over x. We nse a dot to denote diherentiation 
and covariant diherentiation in the radial direction. By dehnition, 17(0) = 0, and since 
(O, 5 f) is an exponential chart, 17(0) = Uq. Fnrthermore, by the Jacobi held eqnation, 
U = R±ux. We now claim that there exist seqnences (P^) and (Qk) of polynomials over 
End(R"'"'"^) snch that, for all k, 

^k+2u ^ p^^R^x)ix), ..., V^P(a:)(a:))17 + Qfc(P(a:)(a:),..., V^-^P(a:)(a:))17, 
where, for all /, 

V^P(a:)(a;) := R{x)p,jp^k,p,...p,^^xPK..xP^+\ 

This holds for /c = 0 by the Jacobi held eqnation. For k > 0, nsing the indnctive hypothesis 
and the fact that VxX = 0, we obtain, 

= Vi (Pfc(P(a:)(7),..., V’^Rix){x))U + QkiRix){x ),..., R{x){x))u') 

= PkiRix){x ),..., V'^R{x){x))U + QkiRix){x ),..., V'^-^R{x){x))U 

k 

+ Y, PkARix){x ),..., V'^R{x){x), V^+^R{x){x))U 
1=0 
k-i 

+ Y QkARix){x), V^-^R{x){x), V^+^R{x){x))U, 

1=0 
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for suitable sequences of polynomials (Pk,i) and (Qk,i)- However, by the Jacobi field 
equation again, U = Rxux, and the assertion follows by induction. Observe, furthermore, 
that for all k, the zeroeth order terms of Pk and Qk both vanish. Substituting t = 0 now 
yields 

17)(0) = QkiRmxo).V^-^Rmxo))Uo. 

However, for all k, 

d’^tMitxo)Uo\t=o^i^xoU)iO), 
so that, by Taylor’s Theorem, 


iA/](rjf) = id+5;i 


Qt-i(R(0)(X ),.... V‘=-^R(0)(X)) 6 n[X][[T]], 


k=2 


{k + l)l 


and the result now follows by Proposition 2.3.2. □ 

Let A, B : fl ^ End(M™'"'“^) be such that, for all x, 

gij{x) = A^{x)Spj = dipA^{x), & 

= Bl{x)5^^ = S^^Bj,{x), 

where g^^{x) here denotes the metric inverse of gij{x). Using the same Jacobi held tech¬ 
niques as before, we obtain 


( 20 ) 


AAx) ~ S) H- Rpjq^X^X^ H- Rpjq^ ■rX^x'^x'^ -T 0{x^), & 

3 6 ’ 

Bj{x) ~ dj — ^Rpjq^x'^x'^ — ^Rpjq^ ■rX^x'^x'^ A 0{x‘^). 


( 21 ) 


More generally. 


Proposition 2.4.2 

[Al[B]en^[[X]]. (22) 


Proof: For every point a: in O and for all vectors U and V in 

g{x){U,V) = g{0){M{x)U,M{x)V) = {M{x)U, M{x)V) = {M*{x)M{x)U,V). 

Since U and V are arbitrary, it follows that A = M*M. However, since is self-adjoint 
with respect to J, [M*] belongs to and therefore so too does [A] = [M*][M]. Finally, 

since [H](0) = H(0) = /, by Proposition 2.3.1, [B] = = [A]~^ also belongs to 7^[[X]], 

and this completes the proof. □ 

Let P : O —)■ be the Christoffel symbol of the Levi-Civita covariant derivative of 

g. That is, 

T%{x)dk:=VdA-DdA^ (23) 

where D denotes the canonical differentiation operator over Recall that P is sym¬ 

metric in i and j. Furthermore, using the same Jacobi held techniques once again, we 
obtain 

~ ‘^Rpii’^Xp + ^Rpii^-qX^x'^ + -^Rpiq’'-,iX^x^ + 0{x^). (24) 

More generally. 
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Proposition 2.4.3 

(r]eK‘[[xll. (25) 

Proof: By the Kosznl formnla, for all vectors U, V and W in and for every point x 

in O, 

2{A{x)V{x){U, V), W) = {DA{x; U)V, W) + {DA{x- V)U, W) - {DA{x; W)U, V). (26) 

Since [A] belongs to 7^[[X]], its formal derivative, D[A\ = [DA\ also belongs to 7^[[X]]. 
Now let $ : O —)■ be snch that 

{^{x){U, V), W) = {DA{x; V)U, W). 

Since 7^[[^]] is self-adjoint with respect to h, [$] also belongs to 7^[[X]], and therefore, by 
linearity, so too does [AF], It follows that [F] = [i?][A][F] = [i?][AF] belongs to 7^[[X]], 
and this completes the proof. □ 

2.5 - The Exponential Map and Parallel Transport. Dehne O 2 ^ x 

by 

n2:={{x,y) I llxll + llyll <!}. (27) 

Let Exp : O 2 O be the exponential map of g. That is, for all {x,y), the cnrve t e-)■ 
Exp(a:, ty) is the nniqne geodesic in O leaving the point x in the direction of the vector y. 

Proposition 2.5.1 

[Exp]G^“'[[X,y]], (28) 

and 

[Exp]=x + y + o(||x,yf). (29) 

Proof: For any fnnction (f) of s and t, and for all /c, let [(f>\oo,k denote its Taylor series np 
to order k in t. Likewise, for any formal series $ in S' and T, let [$]oo,fc denote its partial 
snm np to order k in T. Now dehne E{x,y,s,t) ■= Exp{sx,ty)- By dehnition, for every 
point {x,y) G O 2 and for all s, 

E{x,y,s,0) = Exp{sx,0) = sx, & 

dtE{x, y, s, 0) = dtExp(sa:, ty) |t=o = V- 


so that [Ejoo,! = SX + TY, which belongs to 77[X, T] [[S, T]]. We now claim that the 
partial snm [E']oo,fc belongs to 77[W, y][[S, T]] for all k. Indeed, snppose that this holds for 
k. Observe that 

[r{E){dtE,dtE)]oo,k-i = [f^{[E]oo,k-i)idT[E]oo,k,dT[E]oo,k)]oo,k-i, 

where dr denotes formal partial differentiation with respect to T. Since [F] belongs 
to 77[W], it follows by the indnctive hypothesis that \r{E){dtE^dtE)]oo,k-i belongs to 
7l[X,Y][[S,T]]. However, by the geodesic eqnation, 

d^[EU,k+i = [d^EU,k-i - -[T{E){dtE,dtE)U,k-ien[X,Y][[S,T]], 
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and the claim now follows by indnction. In particnlar [E] belongs to IZ[X, y] [[S', T]] and the 
hrst assertion follows by Proposition 2.3.2. Finally, since [Exp] — {X + E) G 7?.“^ [[X, Ej], 
its lowest degree term has degree at least 3 in X and E, thns proving the second assertion. 
This completes the proof. □ 

Let Tr : O 2 X End(R"'"'"^) be snch that for all (x^y) and for every vector U, 

Tr(a;, y)U is the parallel transport of U from the point x to the point Exp(a:, y) along the 
geodesic 1 1 —)■ Exp(a;, ty). 


Proposition 2.5.2 


and 


1TV] = / + 0(||X,F|P), 


(30) 

(31) 


Proof: As before, for any fnnction of s and t, and for all k, let [(p]oo,k denote its Taylor 
series np to order k in t. Likewise, for any formal series $ in A and T, let [$]oo,fc denote 
its partial snm np to order k in T. Dehne E{x,y, s,t) := Exp{sx,ty) and F{x,y,s,t) := 
Tr{sx,ty). By dehnition, for every point {x,y) G O 2 and for all s, 

F{x, y, s, 0) = Tr(s(r, 0) = /, 

so that [F']oo,o = which belongs to 7l[X,Y][[S,T]]. We now claim that the partial snm 
[F]oo,k belongs to IZ[X,Y][[S,T]] for all k. Indeed, snppose that this holds for k. Observe 
that 

[T{E){dtE, F)]oo^k = [r([i?]oo,A:)(5T[-E']oo,A:+l, [-E']oo,A:)]oo,A:, 

where Ot denotes formal partial differentiation with respect to T. Since [T] belongs to 
F-lX] and since [Exp] belongs to 7^[W, T], it follows by the indnctive hypothesis that 
[r{E){dtE, F)]oo,k also belongs to 7l[X,Y][[S,T]]. However, by the parallel transport 
eqnation 

dT[F]oo,k+i = [dtFU,k = -[T{E){dtE,F)U,k en[X,Y][[S,T]], 

and the claim now follows by indnction. In particnlar, F belongs to IZ[X, Y] [[S', T]] and the 
hrst assertion follows by Proposition 2.3.2. Finally, since [F] — I E 7^^[[W, T]], its lowest 
degree term has degree at least 2 in W and T, thns proving the second assertion. This 
completes the proof. □ 


Finally, we consider higher order iterates of the exponential map and the parallel 
transport. Thns, for all n, dehne by, 

0^+1 = {(xi, ..., 2 :^+ 1 ) I llxill + ... + llx^+ill < 1} , (32) 

and dehne the seqnences of fnnctions (Exp^) and (Tr^,) snch that 

Expi(a:i,a:2) Exp(a:i,a:2), & 

Tro(a:i) := Id, 


and, for all n, 

Exp^(a;i, ...,a:n+i) := Exp(Exp^_-i^{xi, ...,Xn),Ytn-i{xi, ...,Xn)xn+i), & 
Yrn{xi ,..., Xn+i)U := 'Tr(Exp^_ 1(2:1,..., x^), Yrn-i{xi ,..., Xn-i)U). 


(34) 
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Proposition 2.5.3 

For all n, 

[ExpJ & 

[TrJ 

[ExpJ=Xi + ... + X^+i+0(||Xi,...,X^+if), & 
[Tr^] = / + 0(||Xi,...,X^+if). 


( 35 ) 


(36) 


Proof: This follows by indnction nsing Propositions 2.5.1 and 2.5.2 and the recnrsive 
dehnitions of (Exp^) and (Tr^). □ 

3 - Taylor Series of Functions Derived From Immersions. 

3.1 - Graphs Over Spheres. Let S'^ be the nnit sphere in and let V, Hess 

and A be respectively its gradient, Hessian and Laplace operators with respect to the 
standard enclidean metric. For t g]0, cxd[, which we think of as a scale parameter, and for 
/ e (7®(5'"^), consider the fnnction e(t, /) : 5'™' —)■ given by 

e{tj){x) :=t{l + t'^f{x))x. (37) 

Henristically, e(t, /) is an immersed sphere of radins approximately t centred on the origin. 
For all /c, let J := denote the bnndle of /c-jets over S'^ ^ and for a fnnction / G 

C^{S'^) and a point x G denote by fx its /c-jet at x, where the order k of the jet 
shonld hopefnlly be clear from the context. Dehne the fnnctions N :]0, cxd[x —)■ 

and H :]0, cxd[x — )■ M snch that for all t g]0, cx)[ and for all fx G N{t,fx) 

and H{t,fx) are respectively the ontward-pointing nnit normal of the immersion e{t, f) 
at the point e{t, f){x) and its mean cnrvatnre at that point, both with respect to the 
metric g. It is important to note that both N and H are actnally smooth fnnctions 
dehned over hnite-dimensional domains and may both be expressed explicitly in terms of 
(rather complicated) formnlae involving g. We have chosen to dehne these fnnctions in 
this apparently ronndabont manner in order to emphasise their clear geometric meanings. 

We are interested in the Taylor series of A(t, fx) and H(t, fx) in t abont 0. To this 
end, we hrst introdnce the following anxiliary fnnctions. Dehne r : —)■ [0, cxd[ and 

a: : \ { 0 } ^ by 

riv) ■■=\\yl&^ 

/ \ j 

xyy) '■= y/r. 

Given / G (7^(5'™'), dehne / :]0, cxd[x(R"^+^ \ {0}) —)■ R by 

f{t,y) :=r-t{l + t‘^f{x)). (39) 

Observe that the image of e(t, /) coincides with the level set of / at height 0. Fnrthermore, 
for every point y in this level set, Vf{y) is orthogonal to this level set with respect to the 
metric g. 
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Proposition 3.1.1 

= (40) 

Proof: The gradient of / with respect to the enclidean metric is 

Df(t,y)^^-jVf(x). 

However, for all vectors U in 

dfit,y){U) = {Dfit,y),U) = {Aiy)Biy)Dfit,y),U) = giBiy)Dfit,y),U), 

so that the gradient of / with respect to g is V/(t, y) = B{y)Df{t, y), and since B{y)y = y 
for all y, the resnlt follows. □ 

We now invert the sitnation and consider both r and y as fnnctions of t and x, so that 

r{t,x) :=t{l + t^f{x)), k 
y{t, x) := + t‘^f{x))x. 

We dehne 

N{t, U) := V/(t, y) = ^- ^-B{y)t^Vf{x), (42) 

so that we obtain the following formnla for N. 

N(t,U):= ^ N(t,U), (43) 

\\N(t,x)\\, 

where || ■ ||g here denotes the norm with respect to the metric g. 

It will also be necessary to extend e, N and H to allow for variations of the centre 

of the immersed sphere. Thns, for t g]0, cx)[, for y G and for / G dehne 

e(t, y, f):S^ ^ by 

e{t:yj){x) := Exp{ty,t{^ + t‘^f{x))x), (44) 

so that, henristically, e(t, y, /) is an immersed sphere of radins approximately t with centre 
displaced to the point y. Dehne N :]0, cxd[xM™'+^ x J^S'^ S'^ and H :]0, cxd[xM™'+^ x 

j^sm ag before. Observe, in particnlar, that e(t, 0, /) = e(t, /), N{t, 0, fx) = iV(t, fx) 
and H{t,0Jx)=H{tJx). 
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3.2 - The Taylor Series of the Unit Normal Vector. We now study the Taylor 
series of the scale-dependent functions introduced in Section 3.1. In particular, we are 
interested in how the different terms in these series contribute to the exponent of T. To 
this end, we extend the formalism developed in Sections 2.1 and 2.2. Thus, for a vector 
X := (Xi,Xn) of formal variables taking values in consider the set of formal 

polynomials 

XS.l,Pn...JX)\P^Tim}, (45) 

where Xj denotes the f’th component of the vector Xj. Let be the vector space 

with basis the set of all tensor products of elements of this set. We call Q[X.] the space of 
curvature polynomials of the second kind. For all /c G N and for allr := (ri,..., r^) G 
denote by [V] the subspace consisting of those elements which are contravariant of order 
k and which are homogeneous of degree in the variable Xi for all i. When Q G IZ^ [V]. 
we say that it has order k and degree r. Finally, denote 

Q[X] := Q[V] © (1). (46) 

We also call elements of Q[V] curvature polynomials of the second kind. 

Now let A be an algebra graded by for some k. Let A\T] be the algebra of 
polynomials over M with coefficients in A. For a given weight w := (wi,..., rcfc) G 
let be the subalgebra of A\T] consisting of those polynomials whose coefficients of 

degree m are elements of ah m. Likewise, let A[[T]] be the algebra of formal 

power series over M with coefficients in A, and for w G let A[[T]]^y be the subalgebra 
of ^[[T]] consisting of those formal power series all of whose partial sums are elements of 
A[T]^. 

Now let M[F'] be the algebra of formal polynomials in the variable F. Consider a 
smooth function (f) : [0, cxd[x —)■ M which only depends on the metric g and the jet 

fx- For such a function, the statement that [4>\ belongs to M*[F] © VF][[T]]( 2 p, 2)7 

for example, means that its Taylor series in t about 0 takes the form 

OO 

fx) ~ E*’" E E Pi,c.{fix))Qi,a{x,Xf{x)), (47) 

m=0 (i,( 2 ,l, 2 ))=Tn a 

where, for all i := (fi,f 2 ,* 3 ) and for all a, Pi^a is a polynomial of degree ii and Qi^a is 
a curvature polynomial of the second kind of order 0 and degree { 12 X 3 )- We leave the 
reader to interpret the meanings of other tensor products of spaces of formal polynomials. 
Importantly, this notation emphasises that all terms in X carry weight 1 in T whilst all 
terms in F and VF carry weight 2. This behaviour will be common to all series studied 
in the sequel. 

Proposition 3.2.1 

For all real a, 

|(r/«)“leK,[Fl|(rl) 2 . (48) 

Proof: By definition, [{r/t)] = [1 + t‘^f] belongs to R*[F][[T]] 2 . Since [(r/t)](0) = 
(r/t)(0) = 1, the result follows by Proposition 2.3.1. □ 
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Proposition 3.2.2 

For all real a, 

|||iV(f,/J|r] € R.|f] VF]llrll, 2 ,i, 2 ), (49) 

and, 

[\mtj^)\n = i+oiT^). ( 50 ) 

Proof: Using (7), (20) and (42), we obtain, for all t and for all x, 


However, by Propositions 2.4.2 and 3.2.1, [B{y)] = [B{{r/t){tx))] belongs to R*[F] (g) 
^*[^][[^]]( 2 ,i), SO that [{B{y)e'Vf,eWf)] belongs to VF] [[T]]( 2 ,i, 2 )- It fol¬ 
lows by Proposition 3.2.1 again that ||iV(t,/a;)||^ belongs to R*[F]® VF][[T]]( 2 p, 2)7 

and, since the hrst term in this series eqnals 1, the hrst assertion follows by Proposition 
2.3.1. Finally, since [(t/r)^] has order 0 in T and since [(F(y)t^V/, t^V/)] has order 4 in 
T, we see that ||iV(t, fx)\\g = 1 + O(F^), and the second assertion follows by Proposition 
2.3.1 again. This completes the proof. □ 


Proposition 3.2.3 


= 4l(*, lx)x + 1 > 2 (*,/i), 


(51) 


where 

|l>i] € R.|f] VF][[rll,2.i,2). & 

|1>2] € R.|f] ®S°,.|V VF] ®R“;|Jf,VFl||r]](2,i, 2 . 1 . 2 ). 

Furthermore 

/,)] = Jf - T^VF + 0 (r‘), 


(62) 


(53) 


Proof: As in the proof of Proposition 3.2.2, [B{y)] belongs to R*[F] 0 77* [A] [[T]] ( 2 , 1 ) and 
so [F(y)t^V/] belongs to R*[F] 0 77*,*[A, VF][[T]]( 2 ,i, 2 )- By Proposition 3.2.1, the series 
[{t/r)B{y)t‘^'\/f] also belongs to R*[F] 077*^*[A, VF][[T]]( 2 p, 2)7 and the resnlt now follows 
by (42), (43) and Proposition 3.2.2. □ 

Proposition 3.2.4 

N{t,y,fx) = ^i{t,y, fx)x + ^ 2 {t,y, fx): (54) 


where 


1*,]6R,1F]®s",.. 

[NeK.lFl®^,,., 


[x.y.VFl|[r]l(2,i,i,2,, & 
[x.y.vFl0K:.;,.|x.y,VF][[r]],2.i.i.2.i.i.2). 


Furthermore 

lN(t, fx)] = X + 0(T^). 


(56) 


(56) 
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Proof: This Taylor series is obtained from Proposition 3.2.3 by snbstitnting for every 
generator ■u...ik +3 of R-: ifs own Taylor series in t abont 0, 


{Rix 


*2l3 ;i4...*fe+3J 


oo .. 

_ ■■ 0 . . V*fe + 3+l ^^^k+3 + m. 

± rL^^^ 2^3 ■,lA---lk+3+rr ^ 


m=0 


The resnlt follows. □ 

3.3 - Normal Variation of Spheres. We extend e fnrther in order to stndy variations 
of the base point, of the displacement of the centre, and of the immersion itself. Thns, for 
t g]0 , cxd[, for y^ZjW E 1^™+^ and for f,gE consider the fnnction e(t, y, 2 , w, /, g) : 

Sm ^m+l 

e(t, y, z, w, /, g){x) := Exp^iz, t{y + w), t{l + t‘^{f{x) + g{x)))x), (57) 

and dehne P,Q :]0, cxd[xM™'+^ x J^S'^ — )■ End(M™'"'“^) and R :]0, cxd[xM"^+^ x J^S'^ -E 

^m+l ^y 

P{t,yJx) ■■= d^e{t,y,0,0,f, 0 )(a:), 

Qit^y: fx) ■■= d^e{t,y,0,0J,0){x), & (58) 

R{t,y,fx) ■= dge{t,y,0,0,f, 0 )(a:). 

Henristically, for any given vectors, U and V, and for any given fnnction, g, the vectors 
P{t,y, fx)U, Q(t,y, fx)V and R{t,y,fx)gx measnre the respective inhnitesimal variations 
of the immersion e(t, y, /) at the point e(t, y, f){x) arising from inhnitesimal pertnrbations 
of the base point, of the displacement of the centre, and of the immersion itself in the 
directions of 17, tV and R’g respectively. 

Now dehne p, q :]0, cx)[xM"^+^ x J^S'^ —)■ and r :]0, cxd[xM™'+^ x J^S'^ —)■ M by 


(p(b y, fx), U) := ( 7 l(e(t, p, fx))Pit, y, fx)U, N{t, y, /^)), 

{Qit:yJx):V):={A{e{t,yJx))Qit,yJx)V,N{t,yJx)), & (59) 

r{t, y, fx)g ■■= {A{e{t, y, fx))R{t, y, fx)g, N{t, y, fx)). 


Henristically, p, q and r measnre the normal components of the above inhnitesimal varia¬ 
tions. 

Proposition 3.3.1 

pit^yjx) = ^i{t,yjx)x + ^ 2 it,yjx): (60) 

where 


[$i] G R*[F] VF] ® 

[$ 2 ] e R*[F] 0 VF] 0 ^:,',* 


[V,y,VF][[T]](2,l,l,2,l,l,2),& 

[V,y,VF][[T]](2,i,i,2,l,l,2)- 


Furthermore 

IpI = (X •) + 0(T^). 


(61) 


(62) 
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Proof: Let dz denote the formal partial derivative with respect to the variable Z. In 
particular, [c) 2 Exp 2 (^, y, a:)| 2 =o] = ^z[Exp 2 ( 2 , y, x)] |^=o- However, by Proposition 2.5.3, 

az[Exp2(2,y,a:)]|z=o e 7^[X, y], & 
az[Exp 2 ( 2 , 2 /,a:)]|z=o = I + 0{\\X,Y\\^). 

Substituting ty and t(l + f{x))x for y and x respectively therefore yields 

[d^e{z,ty,t{l + t^f{x))x)\:,=Q] e M^F] 0 y][[T]] (2,1,1), & 

[dze{z,ty,t{l + t^f{x))x)\z=o] = / + 0(T^), 


so that 

|P]eK.|F]®<.[x,y][[r]]( 2 ,i,i,, & 

[P] =I + 0{T^). 

The result now follows from the self-adjointness of TZ (Proposition 2.1.1) and Propositions 
2.4.2 and 3.2.4. □ 


Proposition 3.3.2 


y, fx) = it, y, f^)x + t$ 2 (b y, fx), 


where 


[$i] G M* [F] 0 [X, y, VF] 0 

[$ 2 ] e M4F] 0 w] 0F“i,* 


[X,y,VF][[T]](2,i,i,2,l,l,2), 

[X,y,W][[T]](2,i,i,2,l,l,2). 


& 


(63) 


(64) 


Furthermore 

[q]=T(X,-} + 0(T^). (65) 


Proof: Let dw denote the formal partial derivative with respect to the variable W. In 
particular, [9^t;Exp(y-t-fro, a:)|^t)=o] = dw\Fyp>iy + tw,x)]\w=Q- However, by Proposition 
2.5.3, _ 

dw\Fyp>iy + tw,x)]\w=o ^TF[X,Y], & 
dw[FMy + tw, a:)]|m=o = TIY TO(||X, yf). 

Substituting ty and t(l +t^fix))x for y and x respectively therefore yields 

[du,eiz,ty,til + t^ fix))x)\u,=o] G TM* [-E] 0 E] [[T]]( 2 , 1 , 1 ), & 

[du,eiz,ty,til + f ix))x)\u,=o] =TI + 0{T^), 

so that 

[0]erE.|p]®<.[x,y][[r]](2,i,i,, 

[Q] = r/ + 0 (r=). 

The result now follows from the self-adjointness of TZ (Proposition 2.1.1) and Propositions 
2.4.2 and 3.2.4. □ 
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Proposition 3.3.3 


and 




r] e T-‘R.IF] 0 


( 66 ) 


r] = T® + O(r^). 


(67) 


Proof: Consider first the case where Y = 0 and observe that 


e(t, 0, 0, 0, /, g) = Exp(t(l + t‘^{f{x) + g{x)))x). 


In particnlar, since O is an exponential chart, 


dgExp{t{l + fifix) + 5f(a:)))a:) |g=o = 

so that R(t, 0, fx) = t^x. Thns, by (42) and (43), since A{y)x = x and since {x, V f{x)) = 0, 

rit.OJx) =t^{x,N{t,0Jx)) = t^\\Nit, x)\\~^. 


The resnlt for T = 0 now follows by Proposition 3.2.2. The resnlt for general Y follows by 
snbstitnting for every generator of IZ its own Taylor series in Y abont 0, as 

in the proof of Proposition 3.2.4. □ 

3.4 - The Taylor Series of the Mean Curvature. We end this section by determining 
the Taylor series of the mean cnrvatnre fnnction. First recall that (c.f. [14]), 


H{t, Y, f^) ^—RiCpqxPx'^ -^—{n + A)f- ^—RiCpq-rX^x'^x'' 

- ^—RiCpq.rX^x^Y'' - ^—RiCpq-rsX^x'^x'^Y'' + t^F{ f^) + 0{t^) \ , 


( 68 ) 


where F is a cnrvatnre polynomial. More generally. 

Proposition 3.4.1 

H{t,yJx) = ^Tr($i) + Tr($ 2 ) + ^Tr($ 3 t^Hess(/) o tt) + ^($ 5 , t^Hess(/) ott), (69) 
where 


$ 1 , $ 2 , $3 e R4F] 0 qIjX, Y, VF] 0 nl^[X, Y, VF] [[T]]( 2 ,i,i, 2 ,i,i, 2 ), & 


—2 


*4 6 R,1F1 ® S,,,[VVVF][[r]]| 2 ,i,i, 2 ) 


(70) 


Proof: We hrst consider the case where T = 0. Recall that 


H 


1 

liv/ll. 


A/- 


1 


17(Vv/V/,V/), 


(71) 
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where A here denotes the Laplace operator of the metric g. Fnrthermore, by (40), 

Vf=^{y-tB{y)t^Vf{x)). (72) 

Now observe that, for all vectors 77, 

DuVf{x) = -Hess(/) oti{U) + -(77, V/(a:))-, 

rjr^ rjr^ rjr^ 

where tt is the orthogonal projection along x. Differentiating (72), therefore yields, for all 

U, 


1 ft 


t \ r 


1 ft 


Vc/V/ = - - 77 -- - 77,^ ^ 


t \ r 


y\ y 


r / r 


DB{y-U)f^Vf 


1 ft 


t \r 


B{y)t (Hess(/) o 7r)(77) 


+ 


1 ft 


Uy-)B{y)f^Vf-^ 


t \rj \ r/ ■' t \r 

and, bearing in mind that Bfy)y = y and (y, V/) = 0, we obtain 


(77,72v/)S(y)- + r(77,V/), 
r 


T^{DB{y] ■)f^Vf) - ^ Tr(B(y)t^(Hess(f) o tt)) 


t \r 
1 , 


+ -Tr(r(-, tx)) - - Tr(r(-, Biy)t^Vf)) 


where 


= -Tr($i) + Tr($ 2 ) + -Tr($ 3 rHess(/) o tt). 


$i,$ 2,$3 e R*[F] 0 VF] 0 VF][[T]](2,i,2,i,2). 


Likewise, 


17 (Vv/V/, V/) = ^ {B{y)f^Vf, eVf) + (A(y)r(V/, V/), V/) 

- {A{y)DB{y- Vf)t^VfVf) (73) 

- ^ (t^(Hess o 7r)B{y)t^Vf, B{y)t^Vf). 

However, for any symmetric bilinear form, Mij, and for any vector F*, 

6,jPPMp,B^^V^BlV^ = i5^PP'i)Mpgi5j,B’^,V^)i5,rB:v^) 

= (FPh^'^)Mp,(5jh,,F^)(5[h,,F^), 
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so that 

{MBiy)t^Vf,Biy)t^Vf) = (M,vl/), 

for some G M*[^] ® VF] [[T]] (2,1,2)- 

Now, by (40), V/ contains a term in x that does not carry a factor of t. We need to 
show that this term in x is not repeated in any non-trivial component of (73). However, 
since D^x = V xX = 0, we have r(a:, x) = 0, so that, for all 77, 

{A{y)T{x,x), U) = 0. 

Next, since g{y){x,x) = 1 for all y, we obtain, for all vectors U, 

0 = giy)iVux,x) = g{y){Dux + T{U,x),x), 


so that 

{A{y)r{U, x),x) = {A{y)r{x, U),x) ^ -{A{y)Dux, x) ^ --{A{y)Ti{U),x) = 0. 

r 

Finally, since DxVf = 0, and since {B{y)t‘^'Vf,x) = 0 for all y, we have 

{DBiy,x)t^Vf,x) = Dx{Biy)t^Wf,x) = 0, 

and we conclnde that the term in x is not repeated in any non-trivial component of (73), 
as desired. It follows that 

17(Vv/V/, v/) = ^$4 + $5 + ($ 6 , O tt)), 

where 

$4,$5 eR*[F]® Q°^JW,VF][[T]](2 ,i, 2), & 
$6eR*[F]0Q'^jW,VF][[T]](2,i,2). 

and the resnlt for Y = 0 now follows by Proposition 3.2.2. The general case follows by 
snbstitnting for every generator Riii 2 i 3 ^of 77 its own Taylor series in Y abont 0, 
as in the proof of Proposition 3.2.4. This completes the proof. □ 

4 - Asymptotic Expansions and Formal Solutions. 

4.1 - Asymptotic Expansions. In order to save on notation, which wonld otherwise 
qnickly get ont of hand, we shall no longer be so explicit abont the dehnition of cnrvatnre 
polynomials, leaving the reader to infer how they are constrncted in each case. We now 
reformnlate the resnlts of the previons sections in a manner that will allow ns to constrnct 
formal solntions later on. To this end, we introdnce the terminology of asymptotic expan¬ 
sions for fnnctions dehned near t = 0. Thns, let F be a hnite-dimensional vector bnndle 
over some hnite-dimensional base B. Let cf) :]0, cxd[xF —)■ R be a smooth fnnction. Let 
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be a seqnence of smooth fnnctions, where, for all /c, (pk ■ —)■ M. For a formal 

power series ixif) rNJ in E, we write 

OO 

<P{t,Cx) ~ '^t’"(pk{Co,x, ■■■,Ck,x) (74) 

k=0 

to mean that for all N > 0, there exists a smooth fu n ction : [0, —)■ M 

snch that 


( N \ N 

t, ^ t’^Cx,k I = ^ t’"<Pk{Co,x, ■■■, ^k,x) + ^x,o, Cx,n)- (75) 

k=0 J k=0 

It is of fnndamental importance in onr dehnition that the remainder term, Rn, he smooth 
also at t = 0, as it wonld otherwise be of little nse to ns. 

Proposition 4.1.1 

There exists a sequence (Pk) of curvature polynomials such that for all formal power series 
Y ~ vectors in and fx ~ fk,x of germs in and for all 

vectors U, 


y, fx), U) ~ t{x, U) + ^t^(Pfc(/o,x, 

A;=0 


fk—3,x, Yq, ■■■, 'Ek—s), 77 ), 


(76) 


and Pk = 0 for k <2. 

Proof: By Proposition 3.3.1, there exists a smooth fnnction P snch that {p{t, F, fx), U) = 
{x, U) -\-t^{P{t, y, fx), U). Fnrthermore, since the coefficients of the Taylor series of P in t 
are all cnrvatnre polynomials, there exists a seqnence {Pk) of cnrvatnre polynomials snch 
that 

OO 

P{t, y, fx) ~ f^Pkihx,..., fk,x, Yo ,..., Yk). 
k=0 


It follows that 


OO 


t{p{t, y, fx), U) ~ t{x, 77) + > P{Pk-s{fo,x,..., fk-s,x, Yo ,..., Yk-s), 77), 


k=3 


as desired. □ 

Proposition 4.1.2 

There exists a sequence (Qk) of curvature polynomials such that for all formal power series 
Y ~ Y.T=q and V ~ vectors in and fx ~ Y)T=q P fk,x of germs in 

jOgm^ 

OO 

t{q{t, y, fx), y) ~ 7" {{ X , Vk- 2 ) + Qk{fo,x,..., fk-yx, Yo, ..., ^-4, Fo, ^^-4)) , (77) 

fc =0 


22 



Eternal Forced Mean Curvature Flows II - Existence 


where Qk = 0 for k < 3. 

Proof: By Proposition 3.3.2, there exists a smooth function Q such that {q{t, Y, fx), V) = 
t{x,V) + C{Q{t,Y, fx),V). Furthermore, since the coefficients of the Taylor series of Q 
in t are all curvature polynomials, there exists a sequence (Qk) of curvature polynomials 
such that 

OO 

(Q(t, y, fx), V)r^Yl fk,.. Yo, ..., Tfc, Po, Vk). 

k=0 

It follows that, 

OO OO 

t{q{t,YJx),V) r~.J2tHx,Vk-2) + E Qk—4:{fo,xi ■■■1 fk—4,x^ Yq^ ..., Yk— 4 ', Vq, ..., Vfc— 4)7 

k=2 k=4 


as desired. □ 


Proposition 4.1.3 


There exists a sequence (Rk) of curvature polynomials such that for all formal power series 
Y ~ Y.T^ot’^Yk of vectors in and fx ~ Y.T=o^’"fk,x and gx ~ Y.T=Qt’^9k,x of germs 

in J^S^, 


tr{t,YJx)9x ~ {t'^9k,x + RkiYo,...,Yk-4:fo ,x: ■■■: fk—4,x: t'^90 i 9k— 4,x']) : (^ 8 ) 


k=0 


where Rk = 0 for k < 4. 

Proof: By Proposition 3.3.3, there exists a smooth function R such that r{t, T, fx) = 
C + t'^R{t, Y, fx). Furthermore, since the coefficients of the Taylor series of i? in t are all 
curvature polynomials, there exists a sequence (Rk) of curvature polynomials such that 


Rif y, fx) ~ f^RkiYo, n, /o,x, 
k=0 


fk,x)- 


Thus 

OO k 

t^Rif y, fx)gx ~ E fo,x,fi,x){t^9k-i,x). 

fc=0 1=0 


It follows that 


tR{t, y, fx)gx 


OO 

E 

k=0 


OO 

t’"{f^gk,x) T^t’^^RiiYo, ...,Yi, fo^x, •••, fi,x){t'^9k-i-4,x), 
k=4 


k-4 


1=0 


as desired. □ 
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Proposition 4.1.4 

There exists a sequence of curvature polynomials such that for all formal power series 

Y ~ vectors in and fx ~ fk,x of germs in 




t 


k=0 


-lRiCp,;rlVnr-l +-fft(lo.-.n-3./0,.,..., | , 


(79) 


where, by convention, Yk = 0 for k < 0. Furthermore, 

1 

Hq = —-RiCpqX^x'^, & 


3 

^ rtlYpq-p^ 


(80) 


= —-RiCr,n-rX^x‘^X^. 


Proof: Consider the formnla (68) for H. Trivially, 

1 _ °° 1 _ 

-(n + /Y)fx ~ '^t^-{n + A)fk,x, 

Ti < ^ 71 


k=0 


4. ^ j-k 

-RiCpq-rX^X^^Y^ ~ ^ —RiCpq.rX^x‘^Y,^_l, & 


k=l 

oo 


-RiCpq-rsX^X^x'^Y^ ~ —RiCpq-rX^x'^X^Y^ 


k-2- 


k=2 


Since F is a cnrvatnre polynomial, there exists a seqnence (Fk) of cnrvatnre polynomials 
snch that 

OO 

F{fx)r^J2^’^Fk{fo,.,...Jk,.). 

k=0 


In particular 

OO 

t^Fi fx) ~ t’^Fk-2{fo,x, fk-2,x). 

k=2 


Finally, denote the remainder term in (68) by t^G{t,Y, f). Since every coefficient in the 
Taylor series of G in t about 0 is a curvature polynomial, there exists a sequence (Gk) of 
curvature polynomials such that 


OO 

Git, Y,f)r^Yl t'GkiYo, ..., Yk, /o,.,..., fk,x). 

fc =0 

In particular 

OO 

t^G{t, Y,f)^Yl t'Gk-siYo,..., Yk-s, /o,.,..., fk-3,x), 

k=S 

and the result follows upon combining these terms. □ 
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4.2 - Flows of Surfaces. We now extend onr framework to the time-dependent case 
which interests ns. Thns, let M be an (m -|- l)-dimensional Riemannian manifold with 
metric let R be its Riemann cnrvatnre tensor, let S be its scalar cnrvatnre fnnction, and 
snppose that S is of Morse-Smale type. Let 7 : M —)■ M be a complete integral cnrve of 
—VS with relatively compact image. In particnlar (c.f. [13]), 'y{t) converges exponentially 
to critical points of S' as t tends to ±cxd, and its derivatives to all orders decay exponentially 
at inhnity. 

For convenience, we snppose that M has nnit injectivity radins. We identify the bnndle 
'j*TM with the prodnct bnndle M x via parallel transport. For all t G M, dehne the 

metric gt over by gt := Exp*(^) 5 f, where Exp..^('j) here denotes the exponential map 

of M abont the point 7 (t). In particnlar, for all t, the metric gt is of the type introdnced 
in Section 2.1. Fnrthermore, the family {gt) converges exponentially in the sense to 
metrics g±oo as t tends to ±cxd and its time derivatives to all orders also decay exponentially 
at inhnity. 

As in Section 2.5, for all t G M, let Exp^ : fl 2 —t be the exponential map of gt- 

That is, for all {x^y) G 122 , the cnrve s 1 —)■ Exp^(a;, sy) is the nniqne geodesic with respect 
to gt leaving the point x in the direction of the vector y. For s > 0, and for bonnded 
fnnctions Y G R"^+^) and / G (^^(R x S'™"), dehne e(s, T, /) : R x —)■ R"^+^ by 

e{s,Y, f){t,x) := Exp^{sY{t), s(l s'^ f{t, x))x). (81) 


Henristically, e(s, Y, /) is a continnons family of immersed spheres all of radins approxi¬ 
mately s, with centres displaced by the fnnction Y. Composing with Exp..^('g) then yields a 
continnons family of small immersed spheres in M which move along the geodesic 7 . We 
will show that for snfhciently small s and for correct choices of Y and /, this family yields 
a forced mean cnrvatnre how of immersed spheres in M with forcing term 1/s. 

For all k, let J^(R, R"^+^) denote the bnndle of /c-jets over R taking valnes in R"^+^. 
For all (/c, /), let J^’^(R x A'”, R) denote the bnndle of (/c, /)-jets over R x S'^ taking valnes 
in R, that is, the bnndle of R-valned jets that are of order at most /c in R and at most I 
in A™". Observe that J^’^(R x 5'"^,R) is actnally also a bnndle over R and we denote by 
J := its hbrewise cartesian prodnct with J^(R, R'”"’"^). In other words, an element of 
is a pair (W, ft^x) where Yt is the jet of an R'^+^-valned fnnction over R at the point 
t, and ft^x is the jet of an R-valned fnnction over R x S'^ at the point {t,x). 

Dehne the fnnctions N :]0, cxd[xJ —)■ A™" and H :]0, cxd[xJ —)■ R snch that for all 
s g]0, cx)[ and for all {Yt,ft,x) e J, N{s,Yt,ft,x) and H{s,Yt,ft,x) are respectively the 
ontward-pointing nnit normal of the immersion e(s, T,/)(t, •) at the point e{s,Y, f){t, x) 
and its mean cnrvatnre at that point, both with respect to the metric gt- Dehne V : 
] 0 ,oo[xJ^R"^+i by 

V{s,{YtJt,x)) a^Exp“(^^)(Exp^(^)(e(s,y,/)(t + r,a:)))|r-=o- ( 82 ) 

Henristically, this vector held measnres the variation of the immersion e(s, T, /) at the 
point e(s, Y, f){t, x) as we move along the how. Finally, dehne $ :]0, cxd[x J —)■ R by 


*(«, {Y„ ftj) ■■= i {^H{s, (X. /,,,)) - i j + s{V{s, (y„ /,,,)). N{s, {Y„ /,,,))). 


(83) 
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For all s, $(s, •) is the forced mean curvature flow operator (with forcing term 1/s). 
In particular, it is a quasi-linear parabolic partial differential operator whose zeroes are 
(reparametrised) forced mean curvature flows with forcing term 1 /s. 

Proposition 4.2.1 

There exists a sequence {^k) of curvature polynomials such that for all formal power series 
{Yu ft,x) ~ E^o ftJ) of germs in J, 




k=0 

d 1 


+ ( -s “I-(m + A) I fk,x,t 

' ot m ) 


d (m + 1 ) 


A 




-Rict,„6;ca:“a:^yEi,t 


'h^k{fo,x,t: ■■■■> fk—2,x,t: ^ fo,x,t: ■■■■> ^ fk—4:,x,t: •••j Yk—S^t: Yq^i, ..., 

m 

where Rict and St denote respectively the Ricci and Scalar curvatures of M at the point 
y(t), and, by convention, Yk = 0 for k < 0. Furthermore, the curvature polynomials $o 
and $1 are given by 


-,4 i 


$0 = -^RiCaba:“a:^ 

1 . 


= —-RiCab-cX‘^X^X^ + , 

4 2(m + 3) ’ 


(m + 1 ) 


(85) 


S-nX^. 


Remark: Importantly, since they are curvature polynomials, the functions ($fc) vary with 
t only insofar as the curvature tensor itself, along with its derivatives, vary with t, and 
the same can also be said for the remainder terms in the asymptotic series. In particular, 
since the flow 7 has relatively compact image in M, the derivatives of all these functions 
to all orders are uniformly bounded independent of s and t. 

Remark: Observe that, as in Proposition 4.1.3, in every remainder term of this asymptotic 
series, the term fk only ever appears accompanied by the factor 

Proof: Indeed 


Vit, (Yt, ft,.)) = P{t, (Yt, ft,.))y + Q{t, {Yt, ft,x))Yt + R{t, {Yt, ft,x))ft,x. 
Furthermore, since 7 is a gradient flow of S, 

(m + 1 ) 


7 


. rS.aX’^. 

2(m + 3) ’ 


The result now follows by Propositions 4.1.1, 4.1.2, 4.1.3 and 4.1.4. □ 
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4.3 - Parabolic Operators I - The Finite Dimensional Case. We first aim to 
determine formal solutions of the equation $(s,y,/) = 0 for small values of s. To this 
end, we introduce the following functional analytic framework. For a finite-dimensional 
vector space, E, and for a g] 0, 1], define the Holder seminorm of order a over E) 

by 


[fU ■= 


Sup 

0<|s-t|<l 


\\fis)-m\\ 

\ ^ j-ia 


( 86 ) 


For all k and for all a g] 0, 1], define the Holder norm of order (/c, a) over E) by 

k 

(87) 

i=0 

where || ■ ||o denotes the uniform norm. For all (/?,«), define the Holder space of order 
(/c,Q() by 

:= {/ G I ||/||fc,« < oo} . (88) 

Recall that (7^’“ furnished with the norm || • constitutes a Banach space. 

Define the operator P : —)■ by 

PY H + 1) Hess(^)^ y. (89) 

\dt 2(m + 3) ^7 ^ ^ 

Observe that this operator corresponds to the first summand in the asymptotic expansion 
(84) of $. Furthermore, since S is of Morse-Smale type, P is Fredholm and surjective. In 
addition, since every function in Ker(P) decays exponentially at infinity (c.f. [13]), the 
orthogonal complement, Ker(P)"*", of Ker(P) in (^^’“(M, is well-defined. The 

restriction of P to Ker(P)"’" is invertible, and we denote its inverse by G. 

We will also be interested in families of constant coefficient parabolic operators over 
C^{R,E). Thus, for an invertible linear map A : E ^ E, which, for convenience, we 
take to be symmetric with respect to some fixed metric over E, and for e > 0, define 
P, : CAR,E) E) by 

PJ := {edt - A)f. (90) 


It follows from the invertibility of A that Pe as also invertible. In fact, its Green’s operator, 
which we denote by is given by 


GJ{t) = 


1 


^-l(t-s)A+ 


f(s)ds -F 


1 




f{s)ds. 


(91) 


where A^ (resp. A~) denotes the composition of A with the orthogonal projection onto 
the direct sum of its eigenspaces of positive (resp. negative) eigenvalue. In order to obtain 
uniform estimates on the operator norm of G^, it is useful to introduce a weighting factor 
into the Holder norm. Thus, for all {k, a) and for all e > 0, define the weighted Holder 
norm of order {k, a) and weight e by 


k 

ll/IU,a,.:=y£-||9,7llo + £‘[9,7]„ (92) 

1=0 

Observe that, for all e, the norm || • ||fc,Q,e is uniformly equivalent to the norm || • \\k,a, so 
that X E) is also a Banach space with respect to every weighted Holder norm. 
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Proposition 4.3.1 

There exists B > 0, which only depends on the matrix A, such that for all e > 0, and for 
all f e 

||a/||l,a,e<i?||/||0,a (93) 


Proof: Since both and preserve the eigenspaces of A, we may snppose that E = 'R 
and that A = A > 0. Thns 


GJit) = -- 


Mt-s) 1 Aa 

e ' f{s)ds — — / e ^ f{t — s)ds. 

e Jo 


Now £x / G 


For all t, 


\Gefit)\ <- e - \ fis)\ds < 


and taking the snpremnm over all t yields ||Ge/||o < y||/||o- Likewise, for all 0 < \t — t'\ < 

1 , 

1 1 

\GJ{t) - GJ{t')\< - / \f{t -s)- fit' - .)| < It - t'r [fU 

Dividing both sides by |t — t'|“, and taking the snpremnm over all t yields [Gef]a < y [/]«■ 
Combining these relations yields ||Ge/||o ,a < ll^ll ^||/||o,a- Finally, by dehnition of G^, 
edtGJ = XGJ + f, so that e\\dtGJ\\o^c, < A||Ge/||o,a + ||/||o,a < 2||/||o,a- This completes 
the proof. □ 

4.4 - Parabolic Operators II - the Infinite-Dimensional Case. For all a g] 0, 1], 
dehne the Holder seminorms of order a over x by 


[f]x,a ■= Snp 
t,xyy 


- fit,y)\ 


[/]pa := Snp 

a:,0|t—s|<l 


\\x-y\\^ 

\fis,x) - fit,x)\ 

\s-tr 


(94) 


For all /c G N, let (^^(M x S'™") be the set of all fnnctions / : M x S'™" —)■ M which are 
continnonsly differentiable i times in the x direction and j times in the t direction for all 
i + 2j < 2k. For all /c G N and for all a g] 0, 1/2], dehne the inhomogeneous Holder 
norm of order (/c, a) over ^^(M x S'^) by 

ll/IU,a,in:= \\Dl,Dlf\\„+ Y, PiB./]=..2«+ Z (95) 

i-\-2jK2k i-\-2j=2k i-\-2j=2k 

For all k, a, dehne the inhomogeneous Holder space of order (k, a) by 

Cfy(R X S’”) := {/ e C‘(R X S’") | ||/|U,„,,„ < 00 } . (96) 
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Recall that x S'^) fnrnished with the norm || ■ ||A:,a,in constitntes a Banach space. 

More generally, for all (/c, a) and for all e > 0, dehne the weighted inhomogeneous 
Holder norm of order (/c, a) and weight e over x 5'™') by 

:= E ei\\DlDlf\h+ Y. (97) 

i-\-2jK2k i-\-2j=2k i-\-2j=2k 

For all e > 0, the norm || ■ ||fc,a,m,e is nniformly eqnivalent to the norm || ■ ||fc,Q,in and it follows 
that X S'^) is also a Banach space with respect to every weighted inhomogeneons 

Holder norm. 

For all s > 0, dehne the operator Qg : x 5'"^) —)■ x 5'"^) by 

where, as in Section 3, A denotes the Laplacian of the standard metric over S'^. Observe 
that this operator corresponds to the second snmmand in the asymptotic expansion (84) 
of $. Fnrthermore, the operator (m +A) dehnes a self-adjoint operator over LP‘{S'^) with 
kernel "Hi, the space of restrictions to S'^ of linear fnnctions over In particular, 

(m -|- A) restricts to an invertible mapping of to itself. With this in mind, for all k 
and for all a, we dehne 

X S^) := |/ G X I j /(t,(r)(rMVol = 0 VI < t < m + l| , (99) 

and it follows from the classical theory of parabolic operators that, for all s, Qg restricts to 
an invertible mapping from x S'™") into (7|^“(M x S'^). Uniform norm estimates for 

Green’s operators in the inhnite-dimensional setting diher signihcantly from those obtained 
in the hnite-dimensional setting. Indeed, 

Lemma 4.4.1 

There exists B > 0 such that for all s < 1 and for all f E (7|])“(M x S'™) 

<Rs-4“||/||0,a,in. (100) 

Remark: Although it may appear that this weaker estimate is merely a consequence of 
the naive approach to the proof, the study of solutions of the heat equation in euclidean 
space appears to indicate that it is probably optimal. 

Remark: Alternatively, it may appear that this weaker estimate arises from the unusual 
dehnition (97) of the weighted inhomogenous Holder norm. Indeed, it would surely have 
made more sense to have multiplied the third summand of (97) by a factor of e“, for in 
this case the factor of would not have appeared in (100). However, we have chosen 
the above dehnition so that the operator s^dt has unit norm with respect to the norms 
II • II 1,0,in, and II ■ II 0,a,in, as this ensures that other factors of do not enter into our 
reasoning in places where they would be more of a technical nuisance. 
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Proof: For all s > 0, define the isomorphism Dg of x S'^) by Dsf{t, x) = f{sH, x). 

For all s < 1, and for all / G x 5'™'), ||-Ds/||o,a,in < ||/||o,a,in- On the other hand, 

for all s < 1 and for all / G X S'^), ||F>7Vlli,a,m,s 4 < However, for 

all s, Qs = D~^QiDs. The resnlt follows. □ 

Observe that "Hi is really the space of eigenfnnctions of A of eigenvalne m. More 
generally, the decomposition of LP‘{S'^) into eigenspaces of A actnally yields better esti¬ 
mates for ||i^s/||i,a,in,s 4 in the case where /(t, •) is the restriction to S'^ of an s-dependent 
polynomial fnnction of bonnded order. Indeed, for all /, let l-ii C LP‘[S^) be the space 
of spherical harmonics of order I over S'^, that is, the space of eigenfnnctions of the 
operator A with eigenvalne l{m + I — 1). Recall that, for all /, "H; is the restriction to 
of the space of homogeneons harmonic polynomials of order I over In particnlar, 

any polynomial of order I over restricts to an element of "Ho ® ••• (BHi over Sm- Now 

dehne 

Hi ( 101 ) 

Observe that Hi is contained in H^ for all 1. Fnrthermore, for all I and for all (/c,a), 
C’^''^{R,Hi) natnrally identihes with a snbspace of x S"^). In particnlar, for all s, 

Qs restricts to a mapping from C^'°'(R,Hi) to "H^). Fnrthermore, this restriction 

is invertible for all s, and Proposition 4.3.1 now yields 

Proposition 4.4.2 

For all I G N, there exists Bi > 0 such that for all f G H<i) and for all e, 

\\Hs fWl,a,in,< Hz||/||o,q, in- 


4.5 - More on Spherical Harmonics. 


A tensor •••**; jg gg^j^ pg isotropic whenever 


—'Ipil-'-ik (102) 

for all A,..., A and for every special-orthogonal matrix A. Given two symmetric tensors 
and their symmetric prodnct is given by 


(TiOTs) 


ii...ik+i — 


E 

7 


n’^cr (1) • • • Icr (fc) /• 


i^cr(fc + l) • • C7 


(103) 


where Jlk,i denotes the set of permntations of the set {1,..., k + 1} snch that a(l) < ... < 
a{k) and a{k + l) < ... < a{k + l). Let d be as in Section 2.1. In particnlar, d is symmetric 
and isotropic. Fnrthermore, for all /c, its /c’th symmetric power, is also a symmetric 
and isotropic tensor. In fact, np to rescaling, these are the only ones. 
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Lemma 4.5.1 

The space of symmetric, isotropic tensors of order k is 1-dimensional when k is even, and 
0-dimensional when k is odd. 

Proof: Indeed, the space of symmetric tensors of order k is isomorphic to the space 
of homogeneons polynomials of the same order. However, since an SO(m + l)-invariant 
polynomial is constant over every sphere centred on the origin, it is determined by its 
restriction to any straight line passing throngh the origin, and when, in addition, this 
polynomial is homogeneons, it is determined by its valne at a single point. It follows that 
this space has dimension at most 1. Now observe that the restriction of a homogeneons 
polynomial to a straight line throngh the origin is even when its order is even, and odd 
when its order is odd. However, by SO(m + l)-invariance again, the restrictions of the 
polynomials considered here are always even. It follows that there are no non-trivial 
symmetric, isotropic tensors of odd order, and that every symmetric isotropic tensor of 
even order /c is a scalar mnltiple of This completes the proof. □ 

Given the tensor dehne the contraction 5cT by 

= dpqT^^-^'^PT (104) 


Lemma 4.5.2 

For any symmetric tensor T of order k, 

hL(h©T) = (m + 2/c +l)T + h© (JlT). (105) 


Proof: Observe that 


(5©T)*i-*'=+2 = E 

l<p<q<k-\-2 


Thns 


I ^ X'^p'^fcd-2• • •'^p —l'^p+1 • •+ l 

^fc + l^fc-i-2 / ^ 

l<p<k 

I ^ ^'^p'^fc-j-l'^'^1 • •-^p —I'^p+l • • •^fc'^A;-l-2 

l<p</c 


I ^ (S' • •-^p —l^p+l • •—1 ^q+l • • •^fcd-2 ^ 

l<p,g<A: 

= [(m + 1)T + 2kT + 6Q (hcT)]*'-*'' , 


and the resnlt follows. □ 
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Lemma 4.5.3 

For all k, 

= fc(m + 2fc-(106) 

Proof: We proceed by indnction. First observe that JlJ = (m + 1). Next, snppose that it 
holds for /c, then, by (105) and the indnctive hypothesis, 

j^j®(fc+i) _ s^iSQS®^) 

= {m + 4k + 1)(5®^ + h © (hch®^) 

= ((m + 4k + 1) + k{m + 2/c — 1)) h®^ 

= (ifc + l)(m + 2(ifc + l)-l)h®^ 


and the resnlt follows. □ 


Lemma 4.5.4 

For all k, 




VoUS^Xm-l)!! ^ . 

k\(m+2k-l)V. 



a:*b..a:*^''+MVol 


0 . 


(107) 


Proof: For all /, denote 

[ x^F..x^^dVol 
Js^ 

Since Mi is symmetric and isotropic, it follows by Lemma 4.5.1 that Mi vanishes when I is 
odd, and when I =: 2k is even Mi = 0^5®^ for some constant Ck- It remains to show that 

_ Vol(5"^)(m-1)!! 

^ k\{m + 2k — 1)!! 

for all k. We prove this by indnction on k. Indeed, Cq — Vol(S'"^). Now snppose that it 
holds for k. Since ||a:|p = 1 over S'™", for all k, 


{5^M2{k+i)) 






72fc + l72fe + 2 


a:*L..a:*^'“+^dVol = 


X 


71 




IS-n 


>S^ 


SO that, by (106) and the indnction hypothesis. 


C'fc+i — 


{k + l)(m + 2 /c + 1 ) 


Ck 


Vol(g”^)(m-l)!! 

{k + l)!(m + 2 /c + 1 )!! ’ 


and the resnlt follows. □ 
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Proposition 4.5.5 

The functions (a:*)i<i<m+i constitute an orthogonal basis of TLi with respect to the 
inner product over S^. 


Proof: These functions trivially constitute a basis of Hi. 
for all 1 < j < m + 1 , 


x^x-^dVol 


(m + 1) 


Furthermore, by Lemma 4.5.4, 


5 


and orthogonality follows. □ 


Let n : —)■ Hi be the orthogonal projection. 

Proposition 4.5.6 


n ( -RiCab-cX'^X^X^ -) = 0, 

I 4 2 (m + 3 ) ’ ' 


and, for any fixed vector V, 


n ( ^RiCab-cdX^X^xM^ - ^ S-abX^V^ ) = 0. 

I 4 <^b,ca + 3 ) I 


(108) 


(109) 


Remark: Observe that (109) corresponds to the third summand in the asymptotic series 
(84) of $. 

Proof: Indeed, bearing in mind Lemma 4.5.4, for all 1 < i < m + 1, 



Itt a b c (m+l) 

-RlCab-,cX XX- 


a^b^c a j 

2 (m + 3) J 

VoliSm) 


4(m + l)(m + 3) 


Vol(^^) 

2(m + 3) 


The hrst relation now follows by the second Bianchi identity and the second follows upon 
taking its formal derivative. □ 


Proposition 4.5.7 


and, for any fixed vector V, 


n 


1 . 


-RiCa&a:“a: = 0, 


( 110 ) 


n 


RiCnb-rX°'X^V^ 


0 , 


( 111 ) 


Remark: Observe that (111) corresponds to the fourth summand in the asymptotic series 
(84) of $. 

Proof: The hrst relation follows directly from Lemma 4.5.4 and the second relation follows 
upon taking the formal derivative. □ 
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4.6 - Formal Solutions. 

Theorem 4.6.1 

There exist increasing sequences (Ck) of positive constants and (rik) of positive integers 
with the property that, for all s, there exist canonical sequences (Yk^s) ^ 
and {fk,s) G ^ sucii that, for all k. 


fk,seC^^^{R,n^,), 
II /fcjS II l,a,in,s'^ ^ Ck: ^ 
||^^,s||i,q: ^ ffk: 


( 112 ) 


and, for all N, 


( N-l N \ 

k=o k=o J 


< CkS 


N+l 


0,a,in 


(113) 


Proof: We prove this by indnction. First define the projection 11 : X S^) 

C’^’^{R,Hi) by 

m+l , in'! C 

n(/)(t,a:) := ^ ^uqm\ / J{t, x)x^dYo\x\ 

j=o ) Js^ 

That is, for each t, •) is the L^-orthogonal projection of the fnnction f(t, •) onto 

TLi- Observe, that, for all /, for all / G "H/) and for all s, 


UQsf = 0 , 


(114) 


so that, by Proposition 4.5.7, the terms np to order k in the asymptotic expansion of 11$ 
only depend on the asymptotic expansions of / and Y np to order k — 2. Finally, define 

:= Id - n. 

Fix s > 0, and define /o,s := —TTs^o- By Proposition 4.5.7, $o ^ 772 ), and 

since the restriction of QgHs to this space eqnals the identity, it follows that with /o,s so 
defined, the term of order 0 in the asymptotic expansion (84) of $ vanishes. Fnrthermore, 
by Proposition 4.4.2, there exists (Pq > 0 snch that ||/o,s||i,a,in,s4 < Cq for all s. Finally, 
by Propositions 4.5.6 and 4.5.7, the terms of order 0 and 1 in the asymptotic expansion of 
n$ both vanish. 

Now snppose that we have defined Cq, ..., Ck, uq, ..., n^, /o,s, fk,s, bo,s, ■■■, bfc-i,s snch 
that the terms np to order k and /c + 1 in the asymptotic expansions of $ and 11 $ respec¬ 
tively all vanish, for all s, and for all 0 < / < /c. 


II/z,s II l,a,in,s^ ^ 


and for all 0 < / < /c — 1, 


ll >^6 


l,a 


<Ci. 
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Define 

■ G O n O $fc-|-2(/o,S5 ■■■5 fk , s : S fo , s : ■■■■> ^ fk — 2 , s : •••5 —1,S5 •■■5 2,3)5 

and define fk+i,s ■= -Hsll-^^k+i,s, where 


'^k + l,s = ( ^RiCpq.rsXPx‘^X^Y^_^^^ 




+ $fc+l(/o ,S7 ***7 fk — ljS:^ fo,s: ■■■■) S fk— 3 ,s:YQ ,S7 ***7 Yk-2,2, Yq ,S 7 •••7 Yk- 3 ,s). 


Since $a:+i is a cnrvatnre polynomial, and since fi takes valnes in 'Hm for all 0 < I < k, 
there exists Uk+i > Uk snch that •) is an element of 'Huk+i foi' cill s and for 

all t. By hypothesis, the term of order /c + 1 in the asymptotic expansion of 11$ vanishes, 
and so, since the restriction of QsHg to eqnals the identity, with /a:+i,s 

so defined, the term of order /c + 1 in the asymptotic expansion of $ vanishes. Finally, 
observe that the fnnction $a:_|_i(-, ..., •) is bonnded, and since its derivatives are nniformly 
bonnded in t, it is nniformly Lipschitz. There therefore exists B > 0 snch that, for all s. 


II ^fc+l,s II 0,a,in ^ B, 

and by Proposition 4.4.2, there exists Ck+i > Ck snch that, for all s, 

II /fc+l,s II l,a,in,s4 ^ Gk-\-l- 

In like mannner, since PG eqnals the identity, by Propositions 4.5.6 and 4.5.7, with Yk^s so 
defined, the term of order k + 2 in the asymptotic expansion of 11$ vanishes. Fnrthermore, 
npon increasing Gk if necessary, we may snppose that, for all s. 


II k7:,s II1,a ^ Gk • 

We have therefore constrncted seqnences ((7^), (n^), (W g) and {fk,s) satisfying the 
conclnsions of the theorem snch that, 

( OO OO \ 

~0. 

k=0 k=0 J 

Observe that the partial snm of $ np to order N only involves terms np to order — 1 in 
Y. Fnrthermore, the time-derivative of / only ever appears together with a factor of 
Thns, for all > 0, there exists a smooth fnnction with nniformly bonnded derivatives 
snch that for all s and for all (t, x), 


$ 


N-l N \ 

A;=0 fc=0 / 




..., Pv—l,S,t5 Po,S,t5 ■••5 Y]\[ — I,s,t5 


fN,s,t,x-) ■■■•) fN,s,t,xi S fo,s,t,xi ■■■■> S fN,s,t,x^■ 

The fnnction Rn is bonnded, and since its derivatives are nniformly bonnded in t, it is 
nniformly Lipschitz. Thns, npon increasing Gk if necessary, it follows as before that 


$ 


N-l N \ 

fc=0 k=0 / 


< GkS 


N+l 


0,a,in 


as desired. □ 
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4.7 - Exact Solutions. We recall the classical inverse f un ction theorem (c.f. [12]). 
Theorem 4.7.1, Inverse Function Theorem 

Let E and F be Banach spaces. Let Q be a neighbourhood of 0 in E. Let $ : II —)■ F be 
a mapping. Suppose that there exists A,B > 0 such that 

||ii$(o)“^|| < A, \\D^^{x)\\ < B y X e n. 

Ife:= ||4’(0)|| < I/AA^B, and if B 2 A£{b) C then there exists a unique point x G B 2 Ae( 0 ) 
such that 4'(a:) = 0. 

We now obtain existence. 

Theorem 4.7.2 

For all sufficiently small s, there exist canonical functions Yg G and fs G 

X S"^) such that $(s,/s,Ys) = 0. Furthermore, there exists a sequence (Ck) of 
positive numbers such that if (W ,,) and { fk,s) are as in Theorem 4.6.1, then, for all N 





N 


f.-Y x/t,. 

k=0 


< Cns^+\ 


Proof: Let 11 and 11-*- be as in the proof of Theorem 4.6.1. Dehne the mapping T : 
] 0 , oo[xC'b“(M,M"^+i) X x S^) -G x x S^) by 

y, /) := (s-^u a $(s, y, /), o $(«, y, /)). 

Consider the asymptotic series (84) for $ np to order 2 in s. Snbstitnting /o,s = /, 
fi,s = f 2 ,s = 0 , yo,s = y and y^s = 0 , yields 

s-^iu a $)(s, y, /) = py + (n o R,){f, s^f) + s(n o R 2 ){s, f, s^f, y), 

(n^ O $)(S, y, /) = Qgf - ^-Ricp^x^x^ + sRAs, /, S^f, Y, Y), 

for fnnctions Ri, R 2 and R^ which are smooth at s = 0. Differentiating with respect to Y 
and /, it follows that 


DS(s,Y,f)=(f sB(s,y./). (115) 

where, for all F > 0 , there exists e, (7 > 0 snch that if s < e and if ||y||i,Q + ||/||i,a,in < -R, 
then ||A(s,y, /)||o,a,m, ||R(s,I^, /)||o,a,in < C. In particnlar, by Lemma 4.4.1, we may 
snppose that D'^{s,Y, f) is invertible with ||II\l/(s, y,/) || < Cs~'^. Fnrthermore, we may 
likewise snppose that for all snch s, Y and /, Y, f) < C. 
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Let (Cfc), (Yk^s) and {fk,s) be as in Theorem 4.6.1. Upon redncing e if necessary, we 
may snppose that, for all s < e. 


2a 

^s,YoJo + sh)<^, 

and it follows by the inverse f un ction theorem that for all snch s, there exists a nniqne 
pair (y, /) snch that ||Ys||i,a + ||/s||i,a,in,s4 < s“/2C'^ and $(s, T, /) = 0. Now hx > 0. 
Upon redncing e fnrther if necessary, we may snppose that for all s < e 


N-l 


N 


$ 


5, <Cs^+^< 


k=0 


k=0 


-,2a 


4(^3’ 


and it follows by the inverse f un ction theorem again there for all snch s, there exists a nniqne 
pair (y',/') snch that Hy/|li,a + ||/slli,a,in,t4 < 2C'^s^+^~^ < s^l2C‘^ and $(s,y',/') = 0. 
By nniqneness, Y' = Y and /' = /. It follows that for all N > 0, there exists e, (7 > 0 
snch that for s < e. 


y. 


Ni 

E' 

fc =0 




l,a 


fs 


N 

k=0 






The resnlt follows. □ 
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